


The Quaternion Fourier Transform
of Finite Measure and Its Properties

Mawardi Bahri, Amran Rahim, Muh. Nur, and Amir Kamal Amir

Abstract The main focus of the present article is to propose the quaternion Fourier
transform of finite measure, which is a slight generalization of the Fourier trans-
form of finite measure in real and complex domains. Further, we investigate its
essential properties, which including translation, Parseval’s formula, positive defi-
nite, partial derivative, and measure convergence. It is shown that according to the
non-commutative nature of quaternionmultiplications some properties of the Fourier
transform of finite measure are not valid in the quaternion Fourier transform of finite
measure.

Keywords Quaternion fourier transform · Finite measure · Bochner’s theorem ·
Parseval’s formula

1 Introduction

It is well known that the quaternion Fourier transform [1, 2] is non-trivial exten-
sion of the classical Fourier transform in the framework of quaternion algebra. The
quaternion Fourier transform is important mathematical tools in areas like applied
mathematics and quaternion-valued signal analysis. Basically, the quaternion Fourier
transform sends a suitable function on R

2 into a quaternion-valued function. The
quaternion Fourier transform of finite measure is intimately related to the quaternion
Fourier transform and can be considered as a slight generalization of the quater-

M. Bahri (B) · A. Rahim · Muh. Nur · A. K. Amir
Department of Mathematics, Hasanuddin University, Makassar 90245, Indonesia
e-mail: mawardibahri@gmail.com

A. Rahim
e-mail: amran@science.unhas.ac.id

Muh. Nur
e-mail: muhammadnur@unhas.ac.id

A. K. Amir
e-mail: amirkamalamir@yahoo.com

© Institute of Technology PETRONAS Sdn Bhd 2022
S. A. Abdul Karim and A. Shafie (eds.), Towards Intelligent Systems Modeling
and Simulation, Studies in Systems, Decision and Control 383,
https://doi.org/10.1007/978-3-030-79606-8_6

79

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-79606-8_6&domain=pdf
mailto:mawardibahri@gmail.com
mailto:amran@science.unhas.ac.id
mailto:muhammadnur@unhas.ac.id
mailto:amirkamalamir@yahoo.com
https://doi.org/10.1007/978-3-030-79606-8_6


80 M. Bahri et al.

nion Fourier transform. It transforms a finite measure on R
2 into a quaternion finite

measure. The notation of finite measure in the framework of the quaternion Fourier
transform and Clifford Fourier transform was introduced by the authors in [3, 4, 15],
respectively. They in detail have investigated its interesting properties including the
Bochner-Minlos theorem as the fundamental results related to this transformation.

In current article, we aim to continue the work of ones done in [3, 4]. We further
investigate useful properties, which were missed such as translation property, Parse-
val’s formula, convergence of measure, partial derivative, and so on. Our first step is
to recall the quaternion Fourier transform and its inversion formula, which is needed
to define the quaternion Fourier transform of finite measures.

The paper is arranged as follows. In Sect. 2 we shortly remind basic knowledge
about quaternion algebra and basic properties that will be needed in later section.
Section 3 is concerned with presenting the definition of the quaternion Fourier trans-
form and its inverse.We also discussσ -bandlimited quaternion function in the quater-
nion Fourier transform sense. Some of its basic properties are demonstrated in some
detail. Section 4 introduce the definition of the quaternion Fourier transform of finite
measure. Several properties for the quaternion Fourier transform of finite measure
are also discussed in this section. In Sect. 5 we conclude this work.

2 Quaternion Algebra

In this part, we remind the quaternion algebra H over the real field R, which its
elements have the following form

H = {r = r0 + ir1 + jr2 + kr3 | r0, r1, r2, r3 ∈ R}, (1)

where the multiplication law is defined by relation

ij = −ji = k, jk = −kj = i, ki = −ik = j, i2 = j2 = k2 = ijk = −1. (2)

It is easy to see that from relation (2) the quaternion multiplication is not commu-
tative. The element r = r0 + i r1 + j r2 + k r3 ∈ H, r0 is so-called the scalar part of
r denoted by S(r) and i r1 + j r2 + k r3 is called the vector (or pure) part of r and
denoted by r.

We recall the conjugate r̄ of the quaternion r as

r̄ = r0 − i r1 − j r2 − k r3. (3)

and
r̄ + r = 2S(r). (4)

Applying (3) will lead to the norm or modulus of r ∈ H expressed as
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|r | = √
rr̄ =

√
r20 + r21 + r22 + r23 . (5)

Recall that for any r, p ∈ H. We have

rp = p̄r̄ , |r + p| ≤ |r | + |p|. (6)

It is straightforward to observe that

S(r) ≤ |r | and |r| ≤ |r |. (7)

Based on (3) and (5), we can define the inverse of r ∈ H \ {0} as

r−1 = r̄

r r̄
.

3 Quaternion Fourier Transform and Bandlimited
Functions

Let us start by recalling the definition of the quaternion Fourier transform and its
inverse, which will have use of later. A detailed exposition of its properties and appli-
cation, the reader may consult to [7–14, 16].We also study σ -bandlimited quaternion
function related to the quaternion Fourier transform and its basic properties.

Definition 1 For every f ∈ L2(R2;H), the quaternion Fourier transform is defined
by

FH { f }u, v) =
∫

R2

f (x, y)e−i2πuxe−j2πvy dxdy. (8)

The quaternion Fourier transform is invertible, whichmeans that the original function
f (x, y) can be expressed in terms FH { f }(u, v) as shown in the following theorem:

Theorem 1 The inverse quaternion Fourier transform is given by

f (x, y) =
∫

R2

FH { f }(u, v)ej2πvyei2πux du dv, (9)

provided the integral exists and it is finite.

A useful property of the the quaternion Fourier transform is Plancherel’s formula
given by ∫

R2

| f (x, y)|2 dx dy =
∫

R2

|FH { f }(u, v)|2 du dv. (10)
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Definition 2 Wesay that a quaternion function f (x, y) isσ -bandlimited if its quater-
nion Fourier transform can be expressed as

FH { f }(u, v) = 0 f or u > σ, v > σ, (11)

and the quaternion function f (x, y) is τ -timelimited if it satisfies (compare to [17,
18])

f (x, y) = 0 f or x > τ, y > τ. (12)

It follows from the inversion theorem for the quaternion Fourier transform (9) that
relation (11) may be expressed as

f (x, y) =
σ∫

−σ

σ∫

−σ

FH { f }(u, v)ej2πvyei2πux du dv. (13)

Applying Eq. (10) we obtain energy E as

E =
∫

R2

| f (x, y)|2 dx dy =
σ∫

−σ

σ∫

−σ

|FH { f }(u, v)|2 du dv < ∞. (14)

The above definition will lead to the following important results.

Theorem 2 The quaternion Fourier transform of σ -bandlimited function is abso-
lutely integral

σ∫

−σ

σ∫

−σ

|FH { f }(u, v)| du dv < ∞. (15)

Proof Applying Schwarz’inequality and Eq. (14) results in

∣∣∣∣
σ∫

−σ

σ∫

−σ

∣∣FH { f }(u, v)
∣∣ du dv

∣∣∣∣
2

≤ 4σ

σ∫

−σ

σ∫

−σ

∣∣FH { f }(u, v)
∣∣2 du dv

= 4σ E, (16)

and the proof is complete because E < ∞.

Theorem 3 For all x, y ∈ R, one has

| f (x, y)| ≤ 2e2πσ |x |e2πσ |y|√σ E . (17)

Proof If |u|, |v| < σ , then
∣∣ei2πux ∣∣ < e2πσ |x |,

∣∣ej2πvy
∣∣ < e2πσ |y|. Furthermore,
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| f (x, y)| =
∣∣∣∣

σ∫

−σ

σ∫

−σ

FH { f }(u, v)ej2πvyei2πux du dv

∣∣∣∣

≤
σ∫

−σ

σ∫

−σ

∣∣FH { f }(u, v)ej2πvyei2πux
∣∣du dv

≤ e2πσ |x |e2πσ |y|
σ∫

−σ

σ∫

−σ

∣∣FH { f }(u, v)
∣∣ du dv

≤ 2e2πσ |x |e2πσ |y|√σ E,

where in the last equality we have applied relation (16). This finishes the proof of
the theorem.

4 Quaternion Fourier Transform of Finite Measure

Before we get into the details of definition of the quaternion Fourier transform of
finite measure and its essential properties. We first denote the positive measures on
R

2.
M+(R2) = {

μ|μ is a positivemeasure onR2;μ(R2) < ∞}
. (18)

This will lead to the following definition.

Definition 3 Given μ in M+(R2). The quaternion Fourier transform of μ is the
quaternion function Fi,j(μ) : R2 −→ H given by the expression

Fi,j(μ)(u, v) =
∫

R2

e−i2πuxe−j2πvy dμ(x, y)

=
∫

R2

e−i2πuxe−j2πvyμ(x, y) dx dy. (19)

Or

Fj,i(μ)(u, v) =
∫

R2

e−j2πvye−i2πux dμ(x, y)

=
∫

R2

e−j2πvye−i2πuxμ(x, y) dx dy. (20)

From the above definition, it is straightforward to verify that
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Fi,j(μ)(0, 0) = Fj,i(μ)(0, 0) = μ(R2). (21)

Further, μ is called a probability measure if and only if Fi,j(μ)(0, 0) = 1.

Example 1 The quaternion Fourier transform of the uniform measure μ on the rect-
angle [a, b] × [c, d] is computed as

Fi,j(μ)(u, v) =
b∫

a

d∫

c

e−i2πuxe−j2πvy dx dy

= e−i2πub − e−i2πua

i2πu
e−j2πvd − e−j2πvc

j2πv
, u �= 0, v �= 0. (22)

In what follows, we show that Fi,j(μ) possesses the following properties.

Theorem 4 The quaternion Fourier transform of μ ∈ M+(R2) is bounded and uni-
formly continuous.

Proof From the definition, we have

∣∣Fi,j(μ)(u, v)
∣∣ ≤

∫

R2

∣∣e−i2πuxe−j2πvy
∣∣ dμ(x, y)

=
∫

R2

dμ(x, y)

= μ(R2) < ∞, (23)

where the last term of (23) does not depend on u and v and is finite. Now with the
aid of (6) we obtain for all (h1, h1) ∈ R × R = R

2

∣∣Fi,j(μ)(u + h1, v + h2) − Fi,j(μ)(u, v)
∣∣

≤
∫

R2

∣∣e−i2π(u+h1)xe−j2π(v+h2)y − e−i2πuxe−j2πvy
∣∣ dμ(x, y)

=
∫

R2

∣∣e−i2πux(e−i2πuh1e−i2πvh2 − 1
)
e−j2πvy

∣∣ dμ(x, y)

=
∫

R2

∣∣(e−i2πuh1e−i2πvh2 − 1
)∣∣ dμ(x, y)

≤
∫

R2

∣∣e−i2πuh1e−i2πvh2
∣∣ + | − 1| dμ(x, y)

= 2
∫

R2

dμ(x, y). (24)
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Notice that the last term of (24) is the independent of u and v. It also tends to 0
as h1 → 0 and h2 → 0. According to the dominated convergence, this proves that
Fi,j(μ) is uniformly continuous on R2.

Theorem 5 Let μ ∈ M+(R2). For every f ∈ L2(R2;H) we have

∫

R2

FH { f }(u, v) dμ(x, y) =
∫

R2

f (x, y)Fi,j(μ)(u, v) dxdy. (25)

Proof We see from (8) and the Fubini theorem that

∫

R2

FH { f }(u, v) dμ(x, y) =
∫

R2

∫

R2

f (x, y)e−i2πuxe−j2πvy dxdy dμ(x, y)

=
∫

R2

f (x, y)
∫

R2

e−i2πuxe−j2πvy dμ(x, y) dxdy

=
∫

R2

f (x, y)Fi,j(μ)(u, v) dxdy, (26)

and the proof is complete.

Belowwe obtain another version of Parseval’s formula in the context of the quater-
nion Fourier transform of μ in the following sense:

Theorem 6 Letμ ∈ M+(R2). Suppose that both f andFH { f }belong to L2(R2;H).
Then we have

∫

R2

f (x, y) dμ(x, y) =
∫

R2

FH { f }(u, v)Fj,i(μ)(−u,−v)) dudv. (27)

Proof By (9) and the Fubini theorem we have

∫

R2

f (x, y) dμ(x, y) =
∫

R2

∫

R2

FH { f }(u, v)ej2πvyei2πux dudv dμ(x, y)

=
∫

R2

FH { f }(u, v) dudv

∫

R2

ej2πvyei2πux dμ(x, y)

=
∫

R2

FH { f }(u, v)Fj,i(μ)(−u,−v)) dudv. (28)

This proves the theorem.
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Theorem 7 Letμ ∈ M+(R2). For every bi ∈ Rwith i = 1, 2 the following satisfies:

Fi,j
(
μ(x − b1, y − b2)

)
(u, v) = e−i2πub1Fi,j

(
μ(x, y)

)
(u, v)e−i2πvb2 . (29)

Proof A straightforward computation shows that

Fi,j
(
μ(x − b1, y − b2)

)
(u, v) =

∫

R2

e−i2πuxe−j2πvy dμ(x − b1, y − b2)

=
∫

R2

e−i2πu(b1+z1)e−j2πv(b2+z2) dμ(z1, z2)

= e−i2πub1

∫

R2

e−i2πuz1e−j2πvz2 dμ(z1, z2)e
−i2πvb2

= e−i2πub1Fi,j
(
μ(x, y)

)
(u, v), e−i2πvb2 , (30)

which was to be proved.

Let us introduce the notion of a positive definite function in the context of quater-
nion algebra.

Definition 4 A continuous function f : R2 −→ H is said to be positive definite if
the inequality

n∑
j,k=1

b j b̄k f (w j − wk) ≥ 0, (31)

is satisfied for any b1, b2, . . . , bn ∈ H and any w1, w2, . . . , wn ∈ R
2 with wi =

(ui , vi ).

It is easily seen that the left-hand side of (31) is a real-valued function. As an imme-
diate consequence of the above definition, we obtain the basic properties of positive
definite functions:

Lemma 1 Let f : R2 → H be positive definite. Then

1. f (0) ≥ 0
2. f (−u,−v) = f (u, v) for all (u, v) ∈ R

2.

Proof Taking n = 1 and wi = 0 we obtain

|b|2 f (0, 0) ≥ 0 for all b ∈ H. (32)

This implies that
f (0, 0) ≥ 0, (33)

which proves item 1. Now taking n = 2 and (u2, v2) = (0, 0) we get
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b1b̄2 f (u1, v1) + b2b̄1 f (−u1,−v1) ≥ 0, (34)

which is valid if f (u1, v1) = f (−u1,−v1). This proves item 2.

The next result shows that if μ is a finite positive measure on R
2, then Fi,j(μ) is

positive definite.

Theorem 8 Suppose that μ ∈ M+(R2). We have

n∑
j,k=1

b j b̄kFi,j(μ)(w j − wk) ≥ 0. (35)

Proof By Theorem 4 we have Fi,j(μ) is continuous function. So, we see from the
basic properties of quaternion (5) that

n∑
j,k=1

b j b̄kFi,j(μ)(w j − wk) =
∫

R2

n∑
j,k=1

b j b̄ke
−i2π(u j−uk )xe−j2π(v j−vk )y dμ(x, y)

=
∫

R2

n∑
j,k=1

b j b̄ke
−i2πu j xei2πuk xe−j2πv j yej2πvk y dμ(x, y)

=
∫

R2

n∑
j,k=1

b j b̄kei2πu j xei2πuk xej2πv j yej2πvk y dμ(x, y)

=
∫

R2

∣∣∣∣
n∑
j=k

b je
i2πu j xej2πv j y

∣∣∣∣
2

dμ(x, y)

≥ 0, (36)

as desired.

The following definition introduces weak convergence of measures.

Definition 5 Letμ,μi, j ∈ M+(R2). For every f ∈ C0(R
2;H)we say thatμi, j con-

verges weakly to μ if

lim
i, j→∞

∫

R2

f (x, y) dμi, j (x, y) =
∫

R2

f (x, y) dμ(x, y), (37)

where C0(R
2;H) is the space of bounded quaternion continuous functions.

The next result gives a sufficient condition of weak convergence in terms of the
quaternion Fourier transform of finite measure.
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Theorem 9 Let μ and μi, j in M+(R2). If for each u, v ∈ R
2,

lim
i, j→∞Fi,j(μi, j )(u, v) = lim

i, j→∞Fi,j(μ)(u, v) (38)

Then

lim
i, j→∞

∫

R2

f (x, y) dμi, j (x, y) =
∫

R2

f (x, y) dμ(x, y), (39)

for all f ∈ L2(R2;H).

Proof In fact, from hypothesis we have

μi, j (R
2) = Fi,j(μi, j )(0, 0) → Fi,j(μ)(0, 0). (40)

It means that the sequence μi, j (R
2) is bounded. Thus

sup
i, j

∣∣Fi,j(μi, j )(u, v)
∣∣ = sup

i, j
μi, j (R

2) ≤ C < ∞, (41)

for some positive constant C . Further, for every f ∈ L2(R2;H) we have

∣∣ f (u, v)Fi,j(μi, j )(u, v)
∣∣ ≤ supi, j

∣∣ f (u, v)Fi,j(μi, j )(u, v)
∣∣

≤ C | f (u, v)|. (42)

Applying the dominated convergence theorem yields

lim
i, j→∞

∫

R2

f (u, v)Fi,j(μi, j )(u, v) du dv =
∫

R2

f (u, v)Fi,j(μ)(u, v) du dv. (43)

Equation (43) can be rewritten as

lim
i, j→∞

∫

R2

∫

R2

f (u, v)e−i2πuxe−j2πvydu dv dμi, j (x, y)

=
∫

R2

f (u, v)e−i2πuxe−j2πvy du dv dμ(x, y). (44)

Or, equivalently,

lim
i, j→∞

∫

R2

FH { f }(x, y) dμi, j (x, y) =
∫

R2

FH { f }(x, y) dμ(x, y). (45)

This is the desired result.
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Theorem 10 Let μ ∈ M+(R2). If we assume that

∫

R2

|x | dμ(x, y) < ∞,

∫

R2

|y| dμ(x, y) < ∞. (46)

One has
∂Fi,j(μ)(u, v)

∂u
= (−i2π)

∫

R2

x e−i2πuxe−j2πvy dμ(x, y). (47)

and
∂Fi,j(μ)(u, v)

∂v
=

∫

R2

y e−i2πuxe−j2πvy dμ(x, y)(−j2π). (48)

Proof We only prove the first statement. In fact, we have

Fi,j(μ)(u + h1, v) − Fi,j(μ)(u, v)

h1

=
∫

R2

1

h1

(
e−i2π(u+h1)xe−j2πvy − e−i2πuxe−j2πvy

)
dμ(x, y)

=
∫

R2

e−i2πux

(
e−i2πh1x − 1

)

h1
e−j2πvy dμ(x, y). (49)

It follows that

∣∣∣∣e−i2πux

(
e−i2πh1x − 1

)

h1
e−j2πvy

∣∣∣∣ =
∣∣∣∣
e−i2πh1x − 1

h1

∣∣∣∣

=
∣∣∣∣e−iπh1x

(
e−iπh1x − eiπh1x

)

h1

∣∣∣∣

= 2

∣∣∣∣
sin πh1x

h1

∣∣∣∣
≤ 2π |x |. (50)

Applying the dominated convergence theorem we see that

h1 → 0,
e−i2πh1x − 1

h1
−→ −i2πx, (51)

which yields the assertion.

Theorem 11 If g is a quaternion continuous function defined on R
2 then it is the

quaternion Fourier transform of a positive measure if and only if, there exists a
constant C such that
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∣∣∣∣
∫

R2

FH { f }(u, v)g(−u,−v)) dudv

∣∣∣∣ ≤ C sup
(x,y)∈R2

| f (x, y)|, (52)

for every continuous function f ∈ L1(R2;H).

Proof Taking g = Fj,i(μ) applying Theorem (6) we see that

∣∣∣∣
∫

R2

FH { f }(u, v)g(−u,−v)) dudv =
∣∣∣∣
∫

R2

FH { f }(u, v)Fj,i(μ)(−u,−v)) dudv

∣∣∣∣

=
∣∣∣∣
∫

R2

f (x, y) dμ(x, y)

∣∣∣∣

≤ sup
(x,y)

∫

R2

∣∣ f (x, y)∣∣ dμ(x, y). (53)

On the other hand, suppose the inequality is valid. The the linear functional g which
map f to is a bounded, continuous linear functional on the set of continuous function
f . By the Riesz representation theorem, g maps f . Using Parseval’s theorem yields

∫

R2

FH { f }(u, v)g(−u,−v)) dudv =
∫

R2

FH { f }(u, v)Fj,i(μ)(−u,−v)) dudv.

(54)
This must hold for all f . So, g = Fj,i(μ).

5 Conclusion

The Fourier transform of finite measure has been extended to the quaternion plane
so-called the quaternion Fourier transform of finite measure. Several essential prop-
erties including translation, Parseval’s formula, positive definite, partial derivative,
and measure convergence are studied. These properties are generalizations of corre-
sponding properties of the Fourier transform of finite measure in real and complex
regions. We have shown that some properties of the Fourier transform of finite mea-
sure does not hold in the setting of the quaternion Fourier transform of finitemeasure.
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